Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "6 Hyperbolic functions\6.4
Hyperbolic cotangent”

Test results for the 61 problemsin "6.4.1 (ct+d x)"m (a+b coth)*n.m"

Problem 3: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JX Coth[a+bx] dx

Optimal (type 4, 45 leaves, 4 steps):
x2  xlog {1 _ @2 (a+bx) ] Polylog [2, @2 (a+bx) ]
— +

2 b 2 b?

Result (type 4, 148 leaves):

1
— []l brx+b?x?Coth[a] -imlog[l+e®®*| +2bxLog[1-e 2 (PxArcTanhiTanhial})]
2b
i Log[Cosh[bx]] +2ArcTanh[Tanh[a]] (bx+ Log[1- e 2 (PxArcTanh(Tanhial}) | _ | og[i Sinh[bx +ArcTanh[Tanh[a]]]]) -
PolyLog [2, e-z (b x+ArcTanh[Tanh[a]]) ] _ p? e—Ar‘cTanh[Tanh[a]] X2 Coth [a] Sech [a] 2 )

Problem 7: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

sz Coth[a+bx]?%dx

Optimal (type 4, 65leaves, 6 steps):
x2 x3 x%Coth[a+bx] 2xLlog [1 - @2 (atbx) ] Polylog [2, @2 (arbx) ]
+ +

- — -

b 3 b b2 b3

Result (type 4, 211 leaves):
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x>  x?Csch[a] Csch[a+bx] Sinh[bx]
— + +

3 b

Ix2, ;j (—bx (—n+2]iArcTanh[Tanh[a]]) —ﬁLog[lJreZbX} -

1-Tanh[a]?

[Csch[a] Sech[a] |-b? g ArcTanh(Tanh[a]

2 (ibx+iArcTanh[Tanh[a]]) Log[1 - e?* (1Px+iArcTanh(Tanh(al]) |, ;| og[Cosh[bx]] +2 i ArcTanh[Tanh[a]]

Log[i Sinh[bx +ArcTanh([Tanh[a]]]] + i Polylog[2, e?* (ibx+iArcTanh(Tanhiall) 1) Tanh[a]

]/ (b3\/5ech[a]2 (Cosh[a]?-sinh[a]?) )

Problem 13: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

ijoth[a+bx]3d1x

Optimal (type 4, 82leaves, 7 steps):

x x* Coth[a+bx] xCothla+bx]2 xLog[l-e?@®X) ] Ppolylog[2, e? (@b ]
- — - - + +

2b 2 2 b2 2b b 2 b2

Result (type 4, 232leaves):

1 2 Coth|a] xCsch[a+bx]? Csch[a] Csch[a+bx] Sinh[b x]
— x? Coth[a] - . .
2 2b 2 p2
1
[CSCh[a] sech(a] L <—bX (—]T+2]'1Ar‘c'|'anh['|'anh[a]]) —JTLOg[1+(e2bX} ~
1-Tanh[a]?

2 (ibx+iArcTanh[Tanh[a]]) Log[1 - e?* (1Px+iArcTanh(Tanh(al]) |, ;| og[Cosh[bx]] +2 i ArcTanh[Tanh[a]]

Log[i Sinh[bx +ArcTanh[Tanh[a]]]] + i Polylog[2, e (1bxriArcTanhiTanhiall) 1) Tanh[a]

]/ (2 bz\/Sech[a]2 (Cosh[a]?-sinh[a]?) )

Problem 34: Result more than twice size of optimal antiderivative.

J (c+dx)" ix

a+aCoth[e+ fXx]

Optimal (type 4, 88leaves, 2 steps):

(cedx)™m 2727 e (c+dx)" (ﬂcéﬂL)*mGamma[1+m, e ]

2ad(1+m) af
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Result (type 4, 186 leaves):
f (c+dx)
d

-m

Csche + fx]

m

£2 (c+dx)2

2°2m (c +d X)m
d2

2-F(c+dx)

(d (1+m) Gamma[1 +m, y

] (cOsh[e-cd—f} —Sinh[e—%]] R (f (§+x
)

Problem 35: Attempted integration timed out after 120 seconds.
j (C +dX)m dx
(

a+aCo‘ch[e+-Fx])2

)m (c+dx) (Cosh[e—cd—f} +Sinh[e—cdf]]]

c
(Cosh[F [f +X
d

}+Sinh[f(§+x /(ad-F(1+m) (1+Coth[e+fx]))

Optimal (type 4, 152 leaves, 4 steps):
(C+dX)1+m 2-2-m e*ZE+2:7F (C+dx)m (f_(cgﬂ)_)’m Gamma[1+m, ﬁ%}_} 4-2-m (‘974e+4;—‘c (C +dX>m (ﬁc;_dx)_)*m Gamma[1+m, ﬂ?ﬂ)_}
4a2d<1+m>+ a2 f a2 £

Result (type 1, 1leaves):
2??

Problem 36: Attempted integration timed out after 120 seconds.
J (C+dx)m dx

(a+aCothle+fx])?

Optimal (type 4, 223 leaves, 5steps):
(c+dx) n 3 ame (crdx)” (E%L) " Gamma [1+m, iﬁcd*&L]

+

8a3d<1+m> a’f

_ dcf - _gestct -m
3. 25 2mg ey (c+dx)’" (J—Lf C;dx ) mGamma[1+m, 4f (crdx) Cd“jx } 2-4m  3-1mgberTy <c+dx)m (J—H C;dx ) Gamma |1 +m, &flcxdxl :dx ]

.
a’f a’f

Result (type 1, 1leaves):

2P
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Problem 39: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J(c+dx) (a+bCothle+fx])dx
Optimal (type 4, 75leaves, 6 steps):

a (c+dx)2 b (c+dx)2 b (c+dx) Log[1-e2®fx ] bdPolyLog|2, e? (& x|
- + +
2d 2d f 2 2

Result (type 4, 227 leaves):

1 1 b cLog[Sinh[e + fx
acx+—adx*+ —bdx*Cothle] + el le+Tx]] |
2 2 f
1
[desch[e] Sech[e] |-eArcTanhiTenhle]] £252, — 4 (—fx (-n+2iArcTanh[Tanh[e]]) - nLog[1+e®"*] -
1-Tanh[e]?

2 (i fx+iArcTanh[Tanh[e]]) Log[1 - e?! ( Fx+iArcTanh(Tanhlel]) |, | og[Cosh [ x]] +2 i ArcTanh[Tanh[e]]

Log[i Sinh[fx +ArcTanh[Tanh[e]]]] + i Polylog[2, e?* (:fx+iArcTanhiTanhle]]) 1) Tanh[e] / (2 f2 \/Sech [e]? (Cosh[e]?-Sinh[e]?) )

Problem 42: Result more than twice size of optimal antiderivative.

J(CerX)B (a+bCothle+fx])*dx

Optimal (type 4, 271 leaves, 15 steps):
b2 (c+dx)®> a2 (c+dx)® ab(c+dx)* b2 (c+dx)® b?(c+dx)’Coth[e+fx] 3b2d(c+dx)?Log[l-e? (]
- . -

f 4d 2d " 4d - £ i P +
2ab (c+dx)3 Log[1-e?©f¥] 3b2d? (c+dx) Polylog|2, e? (| 3abd (c+dx)2PolyLog[2, e? (e+Fx) |
f ' £ ' £ .
3b%d*Polylog[3, e2®F¥ ] 3abd? (c+dx) Polylog|3, e (¥ | 3abd?Polylog|4, e (e Fx |
2 ¢4 ) £ i 24

Result (type 4, 1084 leaves):
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1
2 (_1+e2€) f

be’® |12bc’dx+8ac®fx+12bcd’x*+12ac’dfx?+4bd®’x>+8acd’fx’+2ad’fx*-4ac’log[l1-e?®f¥ ] +4ace?®Log[1-e?@F¥] -

6bc2dlog[1-e?©fX] 6bctde?¢Log[1-e? (e F¥ ]

+ -12ac?dxlog[1-e?®f¥ ] 12ac?de?®xLog[l-e? ®F¥] -

f f
12bcd?x Log[1-e? (e+fX) ] X 12bcd?e2ex Log[1 - e? (& Fx ] 12acdx Log[1- e @]

f f

6bd3 2|_ 1- 2 (e+f x) 6bd3 -2e 2|_ 1 - 2 (e+fx)
12acd?e?®x?Log[l-e?(&F0] - x?Log[1-e ] + € X c:cg[ € ] ~4ad®x’Log[1-e? V] 4
4ad 6250 Log[1- €2 ®0] - 6de2® (-1+e’®) (c+dx) (bd+a\2f (c+dx)) Polylog[2, e2 (¢ x| .
.F
3d?e2¢ (-1+e?¢) (bd+2af (c+dx)) PolyLog[3, e2(®fx | 3adPolylog|4, e?©F¥ | 3ad®e2¢Polylog[4, e (¢ Fx |
- + +
'F3 .F3 .':3

1
— Csch[e] Csch[e+fx] (-4a®c®fxCosh[fx] -4b>c®fxCosh[fx] -6a*c*dfx*Cosh[fx] -6b*c*dfx*Cosh[fx] -

8f
4a%cd?fx3Cosh[fx] -4b%>cd?>fx3Cosh[fx]-a?d®fx*Cosh[fx]-b?>d®>fx*Cosh[fx] +4a’c3fxCosh[2e+fx] +

4b2c3fxCosh[2e+fx]+6a’c?dfx?Cosh[2e+fx] +6b2c>2dfx?>Cosh[2e+fx] +4a’cd>fx>Cosh[2e+Ffx]+
4b?cd?>fx3>Cosh[2e+fx] +a?d*fx*Cosh[2e+fx] +b?d®>Ffx*Cosh[2e+Ffx] +8b2c®Sinh[fx] +24b%c?dxSinh[fx] +
8abc®fxSinh[fx] +24b2cd?*x?Sinh[fx] +12abc?dfx?Sinh[fx] +8b2d®>x3Sinh[fx] +8abcd?fx®Sinh[fx] +

2abd® fx*Sinh[fx] +8abc’®fxSinh[2e+fx] +12abc’>dfx*Sinh[2e+fx] +8abcd’fx>Sinh[2e+fx] +2abd®fx*Sinh[2e+fx])

Problem 47: Result more than twice size of optimal antiderivative.

J(c+dx)3 (a+bCoth[e+fx})3dlx

Optimal (type 4, 556 leaves, 28 steps):
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+ + +

3b3d(c+dx)2 3ab2(c+dx>3 b3<c+dx)3 a3(c+dx)4 3a2b(C+dX>4 3ab2(c+dx)4 b3(c+dx)4 3b3d(c+dx>2Coth[e+-Fx]

2 £ f 2f ad ad ad  ad 2
3ab? (c+dx)’>Coth[e+fx] b®(c+dx)’Cothle+fx]2 3b°d? (c+dx)Log[l-e?®f¥] 9ab?d (c+dx)?Log[l-e? (0]
f : 2f ! P + o +
3a2b (c+dx)’Log[1-e? (& ] X b® (c+dx)>Log[1-e? (& ] X 3b* d* Polylog[2, e? (¢ ] X 9ab?d? (c+dx) Polylog[2, e (¢Fx | X
£ f 26 £
9a’bd (c+dx)*Polylog[2, e (®FX] 3b3d (c+dx)®Polylog[2, 2 ©F¥] 9ab?d®PolyLog|3, e? (¢F¥]
2 f2 ' 22 . 2 £ .
9a2bd? (c+dx) PolyLog[3, €2 (=fx ]  3b3d? (c+dx) PolyLog|[3, e?®f¥ | 9a2bd?PolyLog|4, e?©F¥ | 3b>dPolyLog|4, e? (=X ]
263 . 263 ' 4 ' 4f

Result (type 4, 2043 leaves):
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(-b>c®-3b3c2dx-3b>cd?x?-b>d®x?) Cschle+fx]?

2f

-
4(—1+e2e)'F2
2dabd® fx*+24a’cd? 2 x*+8b2cd? F2x>+6a’d® F2x* +2b?d* f2x* -36abc?dlog|[1-e?® Y] +36abc’de?®Log[1-e? ¢ F¥ ] -
12b%cd? Log[1 - €2 e+“>} 12b2cd? e 2¢ Log|1 - e? (& Fx |

be?® |24b’cd*x+72abc?dfx+24a2c3f2x+8b2c3f2x+12b%2d®> x> +72abcd?fx>+36a2c?2df2x?2+12b%c2df2x%+

-12a*c flog[1-e? Y] —4p2 3 flog[l1-e? (@ F0]

f f
12a?ce?%flog[l1-e? @] +ap2 e ?eflog[l-e* @] -72abcd?®xLlog[1-e*®f¥ ]| +72abcd?e?®xLog[1-e?®F¥]
12b%2d®>x Log|1 - e (e X) 12b%d® e?®x Log|1 - e?(e+fX)

[ }+ [ } -36a*c’dfxLlog[l-e*®f] _12b?c2dfxlog[l-e? @ FO]

f f

36ac?de?®fxlog[l-e* @] +12b2c?de 2 fxlogl-e? Y] -36abd®x?Log[1-e? ¥ ] 136abd®e?®x?Log[1-e*®F¥ | -

36a’cd’ fx?Llog[l-e?®F] _12b?cd? fx?Log[1-e?®F¥ ]| +36a2cd’e?®fx? Log[l e? & ] 4 12b% c d? ‘Ze-szLog[
12a2d> £ Log[1-e? " F9 ]| —ap?d® Fx? Log[1-e® @ F¥ ]| +12a%d* e 2 Fx® Log[1-e? @ F¥ ] +4bp?d® e?®f x> Log[1-e? (¢ F¥ ] -

Tede?e (1467 (6abdf (cedx)+3a2f (cedx)?sb? (d®+c2f242cdf2x+d 22 | Polylog[2, (=]

.F2
6d>e?° (-1+e?¢) (3abd+3a2f (c+dx) +b>f (c+dx)) Polylog|3, e (¢Fx | 9a2d3PolyLog[4 e2 () ]
.FZ ‘F2 N
3b2d3Polylog [4 e? (e+fX) ] 9a2d3e2¢Polylog [4 @2 (e+fx) ] 3b2d3 e 2¢Polylog [4 @2 (e+fx) }
£ ' £ ' £ ’

(3x* (-a’c®d+3a’bc*d-3ab’c®d+b’>c®*d+a’c*dCosh[2e] +3a’bc?dCosh[2e] +3ab*c*dCosh[2e] +b>c*dCosh[2e] +
®c?dsinh[2e] +3a’bc*dSinh[2e] +3ab’c*dSinh[2e] + b’ c?dSinh[2e])) /(2 (-1+Cosh[2e] +Sinh[2e])) +
(x* (-a*cd*+3a’bcd*-3ab*cd®+b>cd®+a*cd?Cosh[2e] +3a’bcd?Cosh[2e] +3ab’cd?Cosh[2e] +b’cd*Cosh[2e] +
a®cd*sinh[2e] +3a’bcd?Sinh[2e] +3ab’cd’*Sinh[2e] +b’cd?Sinh[2e])) / (-1+Cosh[2e] +Sinh[2e]) +
(x* (-a*d*+3a*bd’-3ab*d®>+b’d®+a*d>Cosh[2e] +3a’bd’Cosh[2e] +3ab®d®Cosh[2e] +b>d’Cosh[2e] +
a’d®sinh[2e] +3a’bd?®Sinh[2e] +3ab>d®Sinh[2e] +b>d®*Sinh[2e])) / (4 (-1+Cosh[2e] +Sinh[2e])) +
w3 i3abics 3a’bc3 +3a2bc3Cosh[2e}+3a2bc3Sinh[2e] .
-1+ Cosh[2e] +Sinh[2e] -1+ Cosh[2e] +Sinh[2e]
2b3c3Cosh[2e] +2b3c3Sinh[2e]
(-1+Cosh[2e] +Sinh[2e]) (1+Cosh[2e] +Cosh[4e] +Sinh[2e] +Sinh[4e])
2b3c3Cosh[4e] +2b3c3Sinh[4e]
(-1+Cosh[2e] +Sinh[2e]) (1+Cosh[2e] +Cosh[4e] +Sinh[2e] +Sinh[4e])
b3 c3 b3 c3 Cosh[6e] +b3c3Sinh[6e] 1
-1+Cosh[6e] +Sinh[6e] ' -1+Cosh[6e] +Sinh[6e] +2-F2
3Cschle] Cschle+fx] (b’c®dSinh[fx] +2ab?c®fSinh[fx] +2b’cd?*xSinh[fx] +6ab*c*dfxSinh[fx] +
b*>d®> x* Sinh[f x] + 6 ab? cd* £ x* Sinh[f x] + 2ab®>d®> £ x* Sinh[fx])

+

+

ez (e+f x) ] _

| 7
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Problem 48: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(c+dx)2 (a+bCoth[e+-Fx])3d1x

Optimal (type 4, 401 leaves, 22 steps):
b3cdx b3d2x? 3ab2<c+dx)2 a3(c+dx)3 azb(c+dx)3 abz(c+dx)3 b3<c+dx)3

£ 2f f Y d i d - 3d
b>d (c+dx) Coth[e+fx] 3ab?(c+dx)’Cothle+fx] b*(c+dx)?Coth[e+Ffx]? 6ab?d (c+dx) Log[l-e? (©Fx]
f2 l f ) 2f ’ £2 *
3a2b (c+dx)?Log[1-e? )] b*(c+dx)?Log[1-e?(®f¥]| p3d2log[Sinh[e+Ffx]] 3ab?d?PolylLog|[2, e? (¥ ]
f ' f ' £ ' =
3a’bd (c+dx) Polylog|2, e ¥ | b3d (c+dx) PolylLog[2, e (e | 3a2bd2PolyLog[3 e2 (e+f) ] b3d2PolyLog[3 e? () ]
+

2 £2 23 23

+

Result (type 4, 1887 leaves):
- La2 bd?e®Cschle]
43
1

121c3
b*d?e®Cschle] (2f2x* (2e?®fx-3 (-1+e?®) Log[1-e?®F¥]) -6 (-1+e?®) fxPolylog[2, e ®F¥ ]| +3 (-1+e?®) Polylog[3, e* ¥ ) -

b*d? Csch[e] (-fxCosh[e] + Log[Cosh[fx] Sinh[e] + Cosh[e] Sinh[fx]] Sinh[e])
3 (-Cosh[e]?+Sinh[e]?)

(2F2x* (2€2°fx-3 (-1+e’®) Log[1-e*®F¥]) -6 (-1+e?®) fxPolylog[2, e ®F¥] +3 (-1+e?®) PolylLog|3, e & F ) -

6ab%cdCschle] (ﬂchosh[e] + Log[Cosh[f x] Sinh[e] + Cosh[e] Sinh[f x]] Sinh[e])

f2 (-Cosh[e]?+Sinh[e]?)
3a?bc?Cschle] (-fxCosh[e] +Log[Cosh[fx] Sinh[e] +Cosh[e] Sinh[fx]] Sinh[e])
f (-Cosh[e]?+Sinh[e]?)

b3 c2Csch[e] (—fxCosh[e} + Log[Cosh[f x] Sinh[e] + Cosh[e] Sinh[f x]] Sinh[e})
f (-Cosh[e]?+Sinh[e]?)

+

; Cschle] Cschle+fx]? (-6b’cdCosh[e] -18ab?c*fCosh[e] - 6b’>d®>xCosh[e] -36ab’cdfxCosh[e] -18a’bc®f>xCosh[e] -
12 f

6 b3 c?2 f2xCosh[e] -18ab%d?> fx?Cosh[e] -18a%bcdf?x?>Cosh[e] -6b3cdf?x?Cosh[e] -6a%2bd?f?x>Cosh[e] -2b>d?>f2x3Cosh[e] +
6b3cdCosh[e+2fx] +18ab?c?fCosh[e+2Ffx] +6b3d>xCosh[e+2fx] +36ab’>cdfxCosh[e+2fx]+9a’bc?f?xCosh[e+2fx] +
3b3c?f2xCoshje+2fx] +18ab?d?>fx?Cosh[e+2fx] +9a’bcdf?x?Cosh[e+2fx] +3b3cdf?x?*Cosh[e+2fx] +3a’bd?f2x3
Cosh[e+2fx] +b3d?>f2x3Cosh[e+2fx] +9a’bc®f>xCosh[3e+2fx] +3b>c?f>xCosh[3e+2Ffx]+9a’bcdf’x?Cosh[3e+2fx] +
3b3cdf?x?*Cosh[3e+2fx] +3a’bd?f2x3>Cosh[3e+2Ffx] +b>d?>f2x3Cosh[3e+2fx] -6b3>c?fSinh[e] -12b3cdfxSinh[e] -
6a>c®f2xSinhfe] -18ab?c?f2xSinhfe] -6b3d?®fx?Sinhfe] -6a3cdf?x?Sinh[e] -18ab%cdf?x?®Sinhfe] -2a>d?f%x3Sinh[e] -
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6ab?d?f2x>Sinh[e] -3a®>c?f?>xSinh[e+2fx] -9ab’c?f?>xSinh[e+2fx] -3a’cdf’>x?Sinh[e+2fx] -9ab?cdf?x?Sinh[e+2fx] -
ad’f?x3Sinh[e+2fx] -3ab?d>f2x®*Sinh[e+2fx] +3a3c?2f?xSinh[3e+2fx] +9ab?c?f2xSinh[3e+2fx] +
3a’cdf?x?sinh[3e+2fx] +9ab’cdf*x’Sinh[3e+2fx] +a’d* f2x>Sinh[3e+2fx] +3ab>d®>fx>Sinh[3e+2fx]) +

1
3ab?d?*Cschle] Sech[e] |-e™ArcTanh(Tanh[e]] £2 32 |

1-Tanh[e]?
i (-fx (-7m+2iArcTanh[Tanh[e]]) -Log[1+e?**] -2 (i fx+iArcTanh[Tanh[e]]) Log[1 - e?® (*Fx+iArcTanh(Tanhle]]) ]

nLog[Cosh[fx]] +2iArcTanh[Tanh[e]] Log[i Sinh[fx +ArcTanh[Tanh[e]]]] + i PolylLog[2, e?* (*fx+iArcTanhiTanhle])) 1) Tanh[e] /

1
(1‘3\/Sech[e}2 (Cosh[e]?-sinh[e]?) ) +|3a’bcdCsch[e] Sech[e] |-eArcTanh(Tanh[e]] £2 42

1-Tanh[e]?
i (-fx (-m+2iArcTanh[Tanh[e]]) - Log[1+e*"*] -2 (i fx+iArcTanh[Tanh[e]]) Log[1- " (*FxriArcTanh(Tanhle]]) ]

nLog[Cosh[fx]] +2iArcTanh[Tanh[e]] Log[i Sinh[fx +ArcTanh[Tanh[e]]]] + i PolylLog[2, e?* (*fx+iArcTanhiTanhle])) 1) Tanh[e] /

1
(1‘2\/Sech[e}2 (Cosh[e]?-sinh[e]?) ) + |b*cdCschle] Sech[e] |-eArcTanhiTanhle]] £2 42, — 4 (—fx (-7r+2iArcTanh[Tanh[e]]) -

1-Tanh[e]?
nlog[1l+e®f¥| -2 (ifx+iArcTanh[Tanh[e]]) Log|1-e?* (I FxiArcTanh(Tanhlel]) |-, ;v og[Cosh[f x]] +2 i ArcTanh[Tanh[e]]

Log[i Sinh[fx +ArcTanh[Tanh[e]]]] + i Polylog[2, e?* (:fx+iArcTanhiTanhle])) 1) Tanh[e] / (Fz JSech [e]? (Cosh[e]?-Sinh[e]?) )

Problem 57: Result more than twice size of optimal antiderivative.

J (c+dx)3 4
X
(a+bCo‘ch[e+1‘:x])2

Optimal (type 4, 638 leaves, 28 steps):
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2b(crdx) 20? (¢ dx)’ fcvdx)t 367d (codx) log[1- ST 2b (e Log1o RSt
(a2-b?)*f  (a-b) (a+b)* (a-b- (a+b)e?=2fx)f 4 (a-b)’d (a2 - b?)2 2 (a-b)?(a+b) f
262 (c+dx)’ Log[1- L] 3p2 2 (c 1 dx) Polylog[2, =*L<"]  3bd (c+dx)?Polylog[2, (2tLe ]
ab + a-b _ a-b N
(a?-b2)?f (a2 - b%)% (a-b)? (a+b) f?

3b2d (c+dx)’Polylog[2, 12L<" 5] 3p2 d? Polylog[3, (21" ]  3bd? (c+dx) Polylog[3, (20Le="]

a-b _ a-b . ab B

(a2 - b2)? £2 2 (a2 -b2)? f (a-b)? (a+b)

3b%2d? (c+dx) PolyLog|3, ﬂ)e;;m] 3bd? Polylog|4, M)E;;m] 3 b2 d* PolyLog|4, “—*b)“ie—m}
a- a- a-

+

(a2 -b?)% 3 2 (a-b)* (a+b) 2 (a2 -b?)* 4

Result (type 4, 2115leaves):
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1

2 (a—b)2 (a+b)2 (a (—1+e2e) +b <1+e2e)>f4
bl12abc?de?®fx+12b%>c?de?®fPx-8a2cde?®f*x-8abce?®f*x+12abcd?e?®fF x> +12b%cd?e?ef3x?-

12a2c?de?®f*x?-12abc?de?®fx?+4abd?e?* £ x3+4b2d> e?* £ x3-8a’cd?e?®f* x> -8abcd?e?®f*x3-

b (e+f x) b (e+f x)
(a+b) ettt ]—12b2cd2f2xLog[1+—<a+ )

-a+b -a+b

b (e+f x) b (e+f x) b (e+f x)
—(a+ ) X }—12b2cd2<eze-l:2xLog[1+—(aJr ) X }—12a2c2d1:3'xLog[1+—<aJr ) . |+

-a+ -a+ -a+
—<a+b) e+1CX)]+12a2c2d<ez‘*-F3xLog[1+—<a+b) e+FX)]+12abc2daez‘*-F3xLog[1+—<a+b) e+FX)]+
—_a+b -a+b -a+b

b (e+f x) b (e+f x) b (e+f x)
(arb) & }—szdsfzszog[Lr—(aJr ) }—Gabdsezefzszog[1+—<a+ ) ] -

(a +b) (e+f x) <a +b> (e+f x) <a+ b) (e+f x)

—a+b -—a+b -a+b
| -12a%cd? 2 x? Log[1 + | +12abcd® P x?Log[1+ ———] +
—_a+b -a+b -a+b
b (e+f x) b (e+f x) b (e+f x)
—<a+ ) ]+12abc:d2<e2‘3-|:3x2Log{1+—<aJr ) ]—4a2d3-F3x3Log[1+—(aJr ) |+
-a+b -a+b -a+b
b (e+f x) b (e+f x) b (e+f x)
—(a+ ) }+4a2d3cez‘31“3x3Log[1+—<aJr ) ]+4abd3<e2e1‘3x3Log[1+—<a+ ) ]+
—a+b —a+b -a+b
6abc’df’Llogla (-1+e* ™)) +b (1+e® )] -6b??df’Loga (-1+e>® X)) 4+b (1+e*&F0) ] -
6abc’de?®f2log[a (-1+e®®F¥) +b (1+e2@F0) ] —6b>c?de’® f2 Log[a (-1+e?®F¥) 4b (1+e?(@F0) ] -
4a%c f Log|a (71+e2(e*‘c">)+b(1+e2<e*‘cx)”+4abc3-F3Log[a (—1+e2(e*”))+b(1+e2(e*‘cx))]+
4a2c3e2ef3Log[a(—1+e2<e*‘cx>)+b(1+e2<e*‘cx>)]+4abc3e2ef3Log[a( 1+e2<e*‘cx)+b(1+e2<e*‘cx))]+

<a+b> (e+f x)

222 d*e®® f*x*-2abd*e®* f* x* +12abcd? f2 x Log[1 +
12abcd’e?® f2x Log[1+
12abc?df’xLog[1+
6abd®f2x*Log[1+
6 b d*> e”® f2x? Log |1 +
12a*cd? e*® 2 x? Log[1 +

4abd® %3 Log[1+

6d(a(-1+e’®) +b(1+e’®))f(c+dx) (-bd+af (c+dx)) Polylog|2, S ] -
a_
b (e+fx) b e+fx)
3d* (a (-1+e®) +b (1+e?®)) (-bd+2af (c+dx)) PolyLog|3, (a+)b] -3a?d’ Polylog 4, (a+>eb] +
a- a-
b (e+f x) b (e+f x) b 2 (e+f x)
3abd’ PolyLog[4, <a+>—b] +3a’d’ e?® Polylog|4, %] +3abd e?®Polylog|4, LhL) Labtind eb ]|+
a- a- a-

(-4a®c® fxCosh[fx] -4b>c®fxCosh[fx]-6a’c®dfx*Cosh[fx]-6b>c?dfx*Cosh[fx] -4a*cd®fx?Cosh[fx] -
402 cd?fx3Cosh[fx] -a?d®fx*Cosh[fx] -b?>d®fx*Cosh[fx] +4a%c®fxCosh[2e+Ffx] -
4b2c3fxCosh[2e+fx]+6a>c?dfx?Cosh[2e+fx]-6b2c?dfx?>Cosh[2e+fx] +
4a2cd’fx’Cosh[2e+fx] -4b?>cd>fx3Cosh[2e+fx] +a’d>fx*Cosh[2e+Ffx]-b?>d®Ffx*Cosh[2e+Ffx] +
8b% c3sinh[fx] +24b?c?dxSinh[fx] -8abc®fxSinh[fx] +24b%cd?x?>Sinh[fx] -
12abc?dfx*Sinh[fx] +8b>d®x*Sinh[fx] -8abcd®fx*Sinh[fx] -2abd®fx*Sinh[fx]) /

(8 (a-b) (a+b) f (bCosh[e] +aSinh[e]) (bCosh[e+fx] +aSinh[e+fx]))
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Problem 59: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

c+dx
J dx
(a+bCo‘ch[e+1°x])2

Optimal (type 4, 196 leaves, 5steps):
(c+dx>2 (bd—2ac-F—2ad1‘:x)2 b (c+dx)

+ + +

Z(az—bz)d 4a(afb) (a+b)2df2 (az—bz)f(aerCoth[eJr-Fx])

b(bd-2acf-2adfx) Log[l—ﬂ%] abdPolylog|2, M)%”x)]

+

(az_bz)Zfz (az_b2>2f2

Result (type 4, 737 leaves):
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(e+fx) (-2de+2cf+d (e+fx)) Cschle+fx]? (bCoshle+fx] +aSinh[e+-Fx}>2

+

2 (-a+b) (a+b) f2 (a+bCoth[e+1Cx])2
(desch[eJr-Fx]2 (-a (e+fx) +blog[bCosh[e+fx] +aSinh[e+fx]]) (bCosh[e+fXx] +aSinh[e+fx])2)/
((—a+b) (a+b) (-a®+b%) £ (a+bCoth[e+Fx})2) +
(ZadeCsch[eH‘:x]2 (-a (e+fx) +blog[bCosh[e+fx] +aSinh[e+fx]]) (bCoshle+fx] +aSinh[e+-Fx])2)/
((—a+b) (a+b) (-a®+b%) £ (a+bCoth[e+fX})2) -
(2acCsch[e+1‘x]2 (-a (e+fx) +blog[bCosh[e+fx] +aSinh[e+fx]]) (bCosh[e+-Fx]+aSinh[e+-Fx])2)/

(<fa+b) (a+b) (7a2+b2) 'F(a+bC0th[e+'FX])2) +|dCsch[e+fx]? —efAPCTanh{H (e+-FX)2+¥

b2
a [1-%

ib 21 (J'L (e+fx)+iArcTanh[§])] +

—7r+211Ar‘cTanh[E}) ~nmlog[l+e®®f] -2 |i (e+fx) +iAr‘cTanh[E]
a a

Log[1l-e

—(e+'Fx)

mLog[Cosh[e+fx]] +21 Ar‘cTanh[E} Log[i Sinh[e + fx +Ar‘cTanh[E} |] + 1 PolyLog|2, it (e+FX)+jArCTa"hm)]

a a

a2 _b?

f2 (a+bCoth[e+1‘:x1>2

+

(bCosh[e+-Fx]+aSinh[e+1‘:x])2 /[(a+b) (a+b) "

(Cschle+fx]? (bCosh[e+fx] +aSinh[e+fx]) (bdeSinh[e+fx] -bcFfSinh[e+fx]-bd (e+fx) Sinh[e+Fx}>)/
((~a+b) (a+b) £ (a+bCothle+fx])?

Problem 60: Attempted integration timed out after 120 seconds.

J ! dx
(c+dx) (a+bCothle+fx])?

Optimal (type 9, 22 leaves, 0steps):
1

(c+dx) (a+bCoth[e+1‘:x1)2

Unintegrable| » X]
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Result (type 1, 1leaves):
22?

Problem 61: Attempted integration timed out after 120 seconds.

1
dx
J<c+dx)2 (a+bCoth[e+1‘:x])2

Optimal (type 9, 22leaves, 0 steps):

Unintegrable| ! » X]

(c+dx)* (a+bCothle+fx])?

Result (type 1, 1leaves):

P2

Test results for the 224 problems in "6.4.2 Hyperbolic cotangent functions.m"

Problem 70: Result unnecessarily involves imaginary or complex numbers.

J(1+Coth[x} )7/? dx

Optimal (type 3, 57 leaves, 5 steps):

Nepwome
sﬁArcTanh[M] -8+/1+Coth[x] - 4 (1+Coth([x])??- 2 (1+cCoth[x])>?
V2 3 5

Result (type 3, 101 leaves):

-((2 (1+Coth[x])”? (4 ((-15+15 i) Ar‘cTan[(l+ i—] \/11 (1+cCoth[x]) | +19\/11 (1+Coth[x]) | Sinh[x]?+

2 2

\Ji (1+Coth(x]) Sinh[x] (3+8Sinh[2x])

)/ (15 \/1'1 (1+Coth[x]) (Cosh[x} +Sinh[x])3))

Problem 71: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(1+Coth[x} )*'% dx

Optimal (type 3, 45leaves, 4 steps):
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AT
4\/?Ar‘cTanh[Lth[x]] ~4+/1+Coth[x] - 2 (1+Coth[x])??
V2 3

Result (type 3, 92 leaves):

- ( [2 (1+Coth([x])®?sinh([x]

Cosh[x] /i (1+Coth(x]) + [(—6+6j>ArcTan[[l+£)\/j (1+Coth(x]) ] +7+[i (1+Coth[x]) ]Sinh[x]
2 2

|/

(3\/1'1 (1+Coth[x]) (Cosh[x] +Sinh[x])2)]

Problem 72: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(1+Coth[x} )>/% dx

Optimal (type 3, 33 leaves, 3steps):

Pt
VLCOtMIX | Cothn
V2

Result (type 3, 69 leaves):

2 \/TAr‘cTanh[

2 (1+Coth[x])>? (<,1+]1) ArcTan[(§+i—) Ji (1+Cothix]) ] +1/i (1+Coth(x]) ) Sinh[x]

\/1'1 (1+Coth[x]) (Cosh[x] +Sinh[x])

Problem 73: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J\/ 1+ Coth[x] dx
Optimal (type 3, 21 leaves, 2 steps):

\/1+ Coth[x] ]
V2

Result (type 3, 45leaves):

\/2 ArcTanh [

(1+1) Ar‘cTan[(%Jr i) Ji (L+Coth[x]) | (1+Coth[x])??

(i (1+Cothix]))*?
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Problem 74: Result unnecessarily involves imaginary or complex numbers.

1

[ ™

Optimal (type 3, 32leaves, 3 steps):

ArcTanh [ 1*3’;"[” ] 1
V2 Vi Cothix]

Result (type 3, 51leaves):

~2- (1+1) ArcTan[(§+ ;) Ji (L+Coth(x]) | /i (1+Cothix])

2+ 1+ Coth[x]

Problem 75: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(1+cCoth(x])??

Optimal (type 3, 49leaves, 4 steps):

ArcTanh | 1+Coth[x] ]

Ne 1 1
22 3 (1+Coth[x])*? 2+/1+Coth[x]

Result (type 3, 86 leaves):

JiAr‘cTan[(§+j‘2—) \/J'l (1+Coth[x]) ]

1 i
[—+—) 1+ Coth[x] |-
4 4

+ (l— EJ (—4+5Cosh[2x} - Cosh[4x] -5Sinh[2 x] +Sinh[4x})

JJi (1+Cothx]) 6 6

Problem 76: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(1+Coth[x])*>?

Optimal (type 3, 61leaves, 5steps):
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1+Coth[x]
ArcTanh| ﬁ ] 1 1 1
a2 5 (1+Coth[x])>? 6 (1+Coth[x])>? 4+/1+Coth[x]

Result (type 3, 94 leaves):

Lii)arcTtan| (Y +1) /1 (1+Coth[x] 1+Coth[x])*"?
L4 [(2+2) 3] )1 )

(1 (1+cCoth(x]))>?

Lx/1+Coth[x} (Cosh[3x] -Sinh[3x]) (-1@Cosh[x] + 1@ Cosh[3 x] - 24 Sinh[x] + 13 Sinh[3x])
60

Problem 77: Result more than twice size of optimal antiderivative.

J(a+bCoth[c+dx})5dlx

Optimal (type 3, 142leaves, 5steps):

a (a%+ 108202+ 5 b°) X_4ab2 <a2+bZLCoth[c+dx] ) b (3a%+b?) (a+t;Coth[c+dx])2 i
2

2ab (a+bCoth{c+dx])®> b (a+bCoth[c+dx])* b (5a*+10a?b?+b*) Log[Sinh[c+dx]]
- +

3d 4d d

Result (type 3, 367 leaves):
b% (a+bCoth[c+dx])’Sinh[c+dx] 5ab*Cosh[c+dx] (a+bCoth[c+dx])®Sinh[c+dx]?

4d (bCosh[c+dx] +asSinh[c+dx])® 3d (bCosh[c+dx] +aSinh[c+dx])®

b* (5a%+b?) (a+bCoth[c+dx])®Sinh[c+dx]> 1@ (3a*b2Cosh[c+dx]+2ab*Cosh[c+dx]) (a+bCoth[c+dx])®Sinh[c+dx]*

+

d (bCosh[c+dx] +aSinh[c+dx])® 3d (bCosh[c+dx] +aSinh[c+dx])®

a(a*+10a?b2+5b%) (c+dx) (a+bCoth[c+dx])°Sinh[c+dx]® (5a*b+1@a’?b®+b%) (a+bCoth[c+dx])®Log[Sinh[c+dx]]Sinh[c+dx]®

+

d (bCosh[c+dx] +aSinh[c+dx])® d (bCosh[c+dx] +aSinh[c+dx])®

Problem 84: Result more than twice size of optimal antiderivative.

J = dx
(a+bCoth[c+dx])*

Optimal (type 3, 169 leaves, 5steps):



18 | 6.4 Hyperbolic cotangent.nb

(a*+6a%b? + b*) x b ab
(a2 -b2)* "3 (a2-b2) d (a+bCoth[c+dx])> + (a?-b2)?d (a+bCoth[c+dx])? +
b (3a?+b?) 4ab (a?+b?) Log[bCosh[c+dx] +aSinh[c+dx]]
(az—b2)3d(a+bCoth[c+dx1)7 (a?-b2)*d

Result (type 3, 440leaves):
1

3(a-b)* (a+b)*d (a+bCoth[c+dx])>

3b’Coth[c+dx]? ((a*+6a°b’+b*) (c+dx) -4ab (a®+b?) Log[bCosh[c+dx] +aSinh[c+dx]]) +b*Coth[c+dx]?

(18a*b-14a’b>-4b>+92a° (c+dx) +54a’b* (c+dx) +9ab* (c+dx) -36a’b (a®+b*) Log[bCosh[c+dx] +aSinh[c+dx]]) +
abCoth[c+dx] (36a*b-28a’b’>-8b°>+9a°c+54a’b’c+9ab*c+9a’dx+54a’b’dx+9ab*dx+
5b° (a®-b*) Csch[c+dx]?-36a’b (a®>+b?) Log[bCosh[c+dx] +aSinh[c+dx]]) +
a’> (18a*b-14a*b>-4b>+3a> (c+dx) +18a’b* (c+dx) +3ab* (c+dx) -12a’b (a*+b?) Log[bCosh[c+dx] +aSinh[c+dx]]))

(b* (6a*-7a%b?+Db*) Csch[c+dx]%+

Problem 87: Result unnecessarily involves imaginary or complex numbers.

J\/a+bCoth[c+dx} dx

Optimal (type 3, 74 leaves, 5steps):

Ja-b Ar‘cTanh[ a+b Coth[c+d x] ] mAr‘cTanh[ a+b Coth[c+d x] ]
- ab + a+b

d d

Result (type 3, 128 leaves):

(— i (a-b) ArcTanh] i (a+bCothlc+dx]) | +4/1 (a+b) ArcTanh| V1 (a+bCothlc+dx]) ]| Va+bcCoth[c+dx]

i (a-b) i (a+b)

d./i(a+bCothlc+dx])

Problem 88: Result unnecessarily involves imaginary or complex numbers.

1
J dx
va+bCoth[c+dx]

Optimal (type 3, 74 leaves, 5steps):
Ar\c.l_anh[j{aerCoth[udx] ] Ar‘cTanh[ a+b Coth[c+d x] }

+\/a-b N a+b
Va-b d Va+b d
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Result (type 3, 129 leaves):

i arbCoth[crdx]) i (asbCoth[cedx])

ArcTanh [ ] ArcTanh [ }

— - —— \/Ji (a+bCoth[c+dx])
i (a-b) i (a+b)

d+/a+bCoth[c+dx]

Problem 95: Result more than twice size of optimal antiderivative.

Csch[x]3
Ji dx
1+ Coth[x]

Optimal (type 3, 8leaves, 2 steps):
ArcTanh[Cosh[x]] - Csch[x]

Result (type 3, 21 leaves):
X X
—Csch[x]4+Log[Cosh[£J] 7Log[Sinh[;]]
Problem 113: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
v{v1-+Coth[x] Sech[x]%dx

Optimal (type 3, 21 leaves, 4 steps):

ArcTanh[\/14—Coth[x} ] ++/1+Coth[x] Tanh[x]

Result (type 3, 675leaves):
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(1-1) Ar‘cTan[(; i) \/J'l (1+Cothix]) |

Ji (1+Coth[x])

1
—+/ 1+ Coth[x]
2

1

2 |Tanh|[X]

(-2-i)-2v/-1-1 [-1+ Tanh[z] (1+2]1)Tanh[5]

2

(2+21) (-1)1/4ArcTan[[( i)+ zm{ (- )1/4JTanh[x

2

]

/

J—1+Tanh[)2(] +2(—1)1/4 Tanh[z] —Tanh[g]

] +

(2+21) <71>1/4Ar~cTan[ (2+1) + <*1711)3/2

(1—]‘1) +\/?\/Tanh[)2(]

\/1+Tanh[x] +2(,1)1/4 Tanh[i] —Tanh[i]

(-2-i)+2v/-1-1 [-1+ Tanh[z] (1+21‘1)Tanh[5]

2 ] :

2 [(1+1‘1) +J‘L\/7JTanh[§] ]\/—1+Tanh[§]

YT
(1-1) +\/7\/Tanh [ JJlJrTanh[)z(] v (24 1) (—1+Tanh[

+(2+1) (—1+Tanh[i]]] +

2

N

V2 Log[(1-1) (1+\/? Tanh[ > ] J

V2 Log[(1-1) (1+\E Tanh[i} J(1+j)3/2

i}]],

2

X

8Llog|1 Tanh| —| V2 Log[(2+1) +2+/- -1+ Tanh|~ } - Tanh[— H 4Log[—1+Tanh[£H—
2

N

\ELogH 2- 11) 2+/-1-1 -1+ Tanh[z] Tanh[;H—\/_LogH— ) 2+/-1+1 -1+ Tanh[ ] Tanh[KH—

2 2

\ELog[(72+j)+2\/T 1+ Tanh[z] Tanh[iH (Cosh[g}fsinh[i

}] Sinh[i] +2 Tanh[x]
2 2

2



Problem 132: Result unnecessarily involves imaginary or complex numbers.

JCO‘th [x] (1+Coth[x])>?dx

Optimal (type 3, 45leaves, 4 steps):

i
VAL COX ), i Gothix) - 2 (14 cothix]) 2
7z ’

Result (type 3, 90leaves):

2 \/?Ar‘cTanh[

_([2 (1+Coth[x])>"? (Cosh[x] i (1+Coth(x]) - (3-34i) Ar‘cTan[(1+ j—} \Ji (1+Coth(x]) ] Sinh[x] +4.[i (1+Coth[x]) Sinh[x]

2 2

(3\/1'1 (1+Coth[x]) (Cosh[x] +Sinh[x])

|

Problem 133: Result unnecessarily involves imaginary or complex numbers.
JCOth ] Vv1+Coth| dx
Optimal (type 3, 32leaves, 3 steps):

/1 + Coth[x]
V2

Result (type 3, 53 leaves):

V2 ArcTanh]| | -2+/1+Coth[x]

]iArcTan[(iJri—) \/]1 (1+Coth(x]) |

(1+i)V1+Coth(x] |(-1+i) -
\Ji (1+Coth(x])

6.4 Hyperbolic cotangent.nb | 21

Problem 134: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Coth[x]
j— dx
\/1+ Coth[x]

Optimal (type 3, 30leaves, 3 steps):

Ar‘cTanh[ 1+c\°ﬁth[x] ] 1
2
4

2 \/1+ Coth[x]
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Result (type 3, 97 leaves):
(i’ i) ArcTan | (i+ i) \i+1icCoth[x] | Csch(x] (Cosh[x] +Sinh[x]) ) Csch[x] (Cosh[x] +Sinh[x]) (i’ L cosh[2x] + L sinh[2x]

\/1i+1Coth[x] +/1+Coth[x] \/1 + Coth[x]

Problem 135: Result unnecessarily involves imaginary or complex numbers.

j Coth[x] dx
(1+Coth[x])>?

Optimal (type 3, 49leaves, 4 steps):

1+Coth [x]
ArcTanh
cTanh | o ]+ ) ) )
22 3 (1+Coth(x])*? 2+/1+Coth[x]

Result (type 3, 84 leaves):

jArcTan[(i+j2*) \/J'l (1+Coth[x]) |

1 1
[_+_) \V1+Coth[x] |-

+ (17 j) (-2 +Cosh[2x] +Cosh[4x] -Sinh[2x] - Sinh[4x])
4 4

JJi (1+Coth(x]) 6 6

Problem 136: Result unnecessarily involves imaginary or complex numbers.

JCoth [x]2 (1+Coth[x])*?dx

Optimal (type 3, 45leaves, 4 steps):

NE
2\EArcTanh[Lthm] ~2+/1+Coth[x] - 2 (1+Coth[x])®?
Vz g
Result (type 3, 70 leaves):
—;2 7+2Coth[x]?+ (5+51) Ar‘cTan[(l+ E] \/Ji (1+Coth(x]) | \/Ji (1+Coth[x]) +Csch[x]?+Coth[x] (9+Csch[x]?)
5+/1 + Coth[x] 2 2

Problem 137: Result unnecessarily involves imaginary or complex numbers.
JCoth[x]Z\/1+Coth[x} dx

Optimal (type 3, 34 leaves, 3steps):
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PR
) 2 (1 cothix )
Vz ’

Result (type 3, 61leaves):

\/2 ArcTanh [

~2 - 4Coth[x] - 2Coth[x]2 - (3+3j)ArcTan[(§+"§) Ji (1+cothix]) ] /i (1+Coth(x])

3+/1+ Coth[X]

Problem 138: Result unnecessarily involves imaginary or complex numbers.

Coth[x]?
J— dx
V1 + Coth[x]

Optimal (type 3, 42 leaves, 4 steps):

Ar‘cTanh[ 1+c\°ﬁth[x] ] 1
2

V2 A1+ Coth[x]
Result (type 3, 81 leaves):

~2+/1+Coth[x]

- iArcTan| (2 +1) /i (1+Coth[x] :
- r (1+3] Csch[x] (Cosh[x] +Sinh[x]) [(2 2)\/ ( )| +(1—£] (-5+Cosh[2x] -Sinh[2x])
v1+Coth[x] ‘2 2 2 2

\/j (1+Coth(x])

Problem 139: Result unnecessarily involves imaginary or complex numbers.

J Coth[x]? dx
(1+Coth[x])*?

Optimal (type 3, 49leaves, 4 steps):

ArcTanh | 1+Coth[x] ]

V2 . 1 . 3
22 3 (1+Coth(x])*? 2+/1+Coth[x]

Result (type 3, 86 leaves):

jArcTan[(iJrif) \/1'1 (1+Coth[x]) |

[3+£) v1+Coth[x] |- 7(773) (-8+7Cosh[2x] +Cosh[4x] -7Sinh[2x] - Sinh[4x])
4 4

\Ji (1+Coth(x])
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Problem 151: Result more than twice size of optimal antiderivative.

sz’ Coth[a+2Log[x]] dx

Optimal (type 3, 30leaves, 4 steps):
x4 1

—+ - e??Log[l-e??x*]

4 2

Result (type 3, 64 leaves):

x4

1 1
=+ —Cosh[2a] Log|-Cosh[a] +x*Cosh[a] +Sinh[a] +x*Sinh[a]] - = Log|-Cosh[a] +x* Cosh[a] + Sinh[a] + x*Sinh[a]] Sinh[2a]
4 2 2

Problem 152: Result is not expressed in closed-form.

sz Coth[a+2Log[x]] dx

Optimal (type 3, 45leaves, 5steps):

3

X

— +e 332 ArcTan [ea/z X] - e 332 ArcTanh [ea/z x}
3

Result (type 7, 64 leaves):

Log[x] - Log[x - H1]

1
= (2 x> + 3 RootSum | -Cosh[a] + Sinh[a] + Cosh[a] 1% + Sinh[a] 11* &,

&| (-Cosh[2a] +Sinh[2a])
6

H71

Problem 154: Result is not expressed in closed-form.
jCoth [a+2Llog[x]] dx
Optimal (type 3, 40leaves, 5steps):
x - e?2ArcTan|e®’? x| - e /2 ArcTanh |e®/? x|

Result (type 7, 58 leaves):

Log[x] - Log[x - 1]

1
X + — RootSum|-Cosh[a] + Sinh[a] + Cosh[a] #1% + Sinh[a] #1* &, &| (-Cosh[2a] +Sinh[2a])
2

13
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Problem 156: Result is not expressed in closed-form.

JCoth [a+2Log[x]]
2

dx
X

Optimal (type 3, 41 leaves, 5steps):

1 +e¥2ArcTan|e*? x| - e/ ArcTanh e x|
X

Result (type 7, 62 leaves):

. a A 4 Log[x]+Log| 1-m1 . )
2 + x RootSum[-Cosh[a] - Sinh[a] + Cosh[a] #1* - Sinh[a] #1* &, &] (Cosh[a] +Sinh[a])

13

2 X

Problem 166: Result more than twice size of optimal antiderivative.

J(e x)™Coth[a+2 Log[x]]%dx

Optimal (type 5, 79 leaves, 4 steps):

(e x)m (e x)tm (e x)tm Hyper‘geometr‘icZFl[l, 1me, STT'“, e“x“]

e(1+m)+e(1—e“x4) e

Result (type 5, 165 leaves):
1

(Cosh[a] - Sinh[a] )2

1 5+4m 9+m
x (ex)" | ———————x* (Cosh[a] +Sinh[a]) |2 (9 +m) Hypergeometric2F1[2, : s : , x* (Cosh[2a] +Sinh[2a])]| (Cosh[a] -Sinh[a]) +
(5+m) (9+m) 4 4
4 . 9+m 13+m . A
(5+m) x* Hypergeometric2F1[2, s , x* (Cosh[2a] +Sinh[2a])]| (Cosh[a] +Sinh[a] )) +
4 4

4

Hypergeometric2Fi[2, ", %, x* (Cosh[2a] +Sinh[2a])]| (Cosh[2a] -Sinh[2a])
1+m

Problem 168: Result more than twice size of optimal antiderivative.

JCoth[a +bLog[x]]Pdx
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Optimal (type 6, 79leaves, 3 steps):

1 1 1
x (-1-e*2x2P)P (1+ezax2b)’pAppellF1[R, P, -p, N [2+ NE e??x?P, —e2?x2"|

Result (type 6, 259 leaves):

1+<e2""x2b p

[(1+2b) X

1
AppellFl[—, p, -p, 1+ —, e??x?P, —e2?x?"]
2b 2

-1+ e22x2b

1 1
(ZbezapXZbAppellF1[1+ —,p,1-p, 2+ —, e??x?P, —e2?x?P] 4
2b 2b

1 1 1 1
2be®?px?° AppellF1[1 + 3 1+p, -p, 2+ 30 e??x?°, —e??x*°] + (1+2b) AppellFl[;, p, -p, 1+ 20 e??x?P, —e??x?"]

Problem 169: Result more than twice size of optimal antiderivative.

J(e x)™Coth[a+bLog[x]]Pdx

Optimal (type 6, 99 leaves, 3 steps):

(e x)Lm (—17e23x2b)p (1+e23x2b)’pAppellF1[12*:, p, -p, 1+ 12*—:, e2a x2b, —cezax“’}

e (l+m)

Result (type 6, 287 leaves):

MXM p

l+e

[(1+2b+m>x(ex)’“ AppellFl[;, p, -p, 1+ e??x2b, 22 x2P] /
-1+e23x%b b 2b
1+m 1+2b+m
((1+m) (1+2b+m) AppellFl[;, P, -P, SRt e2ay2h, -e??x?P] +
2b 2b
1+2b+m 1+4b+m 1+2b+m 1+4b+m
2be?2px?® AppellFl[iJr : ,p,1-p, =27 ,<e“x2b,7<e“x2b}+Appe11F1[—+ ’ ,1+p, -p, —r==r 2 ,e“x“’,fe“x“’]])]
2b 2b 2b 2b

Problem 171: Result unnecessarily involves higher level functions.

JCoth[a + M}pcﬂx
4

Optimal (type 5, 108 leaves, 4 steps):

2P etap (—1—eza\/;)1+p Hypergeometric2F1[p, 1+p, 2+p, % (1+eza\/Y)}

e 2 (—l—ezaﬁ)hp (1—@23\/;)14)—

1+p

Result (type 6, 176 leaves):



p

1 2a
Lﬁ x AppellF1[2, p, -p, 3, e?2/x , -e??/x |

/ (3Appe11F1[2, P, P, 3, €2 Vx, —e22/x | +
“1+e??+/x

e2?p/x (Appe11F1[3, P, 1-p, 4, e°/x, —e2?~/x | + AppellF1[3, 1+p, -p, 4, €2 /x, m“&}))

[3

Problem 172: Result unnecessarily involves higher level functions.

JCoth[a + I_Ogﬁ}pdx
6

Optimal (type 5, 162 leaves, 5 steps):
e 62 p (71 _ 22 x1/3) 1+p (1 _g2a X1/3) 1p, o4a <71 _g2a X1/3) 1+p (1 _ 22 x1/3) 1-p 173 _

2Pe®? (1+2p?) (-1-e??x¥3)"P Hypergeometric2F1[p, 1+p, 2+p, % (1+e?2x?/3)]

1+p

Result (type 6, 176 leaves):

1/3 \p
[4

1+e22x

e x AppellF1[3, p, -p, 4, e*?x/3, —e“xlB]]/ (4 AppellF1[3, p, -p, 4, e*®x*/3, —e??x'/3] +
-l+e®?x

e??px'/3 (AppellF1[4, p, 1-p, 5, e*?x*/?, —e??x"/3] + AppellF1[4, 1+p, -p, 5, e*®x*3, -e2? x'3]})

Problem 173: Result unnecessarily involves higher level functions.

JCoth[a + I'Ogﬁ}pdx
8

Optimal (type 5, 194 leaves, 5 steps):
l e 122 (_1_62aX1/4>1+p (1_62aX1/4)1—p ((EAa <3+2p2> +2 e px1/4) e 4a (_1_ezaX1/4>1+p (1_62axl/4)1*P\/;_
3

22Pe®ap (2+p?) (—1—<ezax1/4>1*'° Hypergeometric2F1|p, 1+p, 2+p, % (1+e?2xt/4)]

3(1+p)

Result (type 6, 176 leaves):

[s

2a y1/4 \Pp

l+e

2a X1/4

x AppellFi[4, p, -p, 5, e*@ x4, ezaxl/“]]/ (5 AppellF1[4, p, -p, 5, e*?x¥4, —e?@x4] +
-l+e

e??px!/* (AppellF1[5, p, 1-p, 6, e2?x'/4, —e?? x'/*] + AppellF1[5, 1+p, -p, 6, e*?x¥/4, —e2? xV/*]))

6.4 Hyperbolic cotangent.nb

| 27
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Problem 174: Result more than twice size of optimal antiderivative.

JCoth [a+Log[x]]Pdx

Optimal (type 6, 61 leaves, 3 steps):

x (-1-e**x?)P (1+ezax2>’pAppellF1[1, P, -P, i, e??x?, -e??x?]
2 2

Result (type 6, 171 leaves):

1+e22x2\P 1 3
3x AppellFl[ =, p, -p, —, e*?x?, -e?? x?]
2 2

/

3 5 3 5
AppellFl[ =, p, 1-p, =, e*®x?, -e??x?| + AppellF1[—, 1+p, -p, —, e?? X3, 7e23x2})J
2 2 2 2

-1+e?22x?

1 3
(BAppellFl[—, P, -p, =, €2?x%, ~e??x?| +2e??px?
2 2

Problem 175: Result more than twice size of optimal antiderivative.

JCoth[a +2Log[x]]Pdx

Optimal (type 6, 61 leaves, 3 steps):

x (-1-e?2x%)P (1+ezax4)’pAppellF1[1, P, -p, 5, e??x*, —e??x*]
4 4

Result (type 6, 171 leaves):

1+e2@x4\P

2a 4 2a 4]
-1+e22x*

1 5
AppellFl[f, p, -p, —, €x", —e“?Xx
4 4

/

5 9 5 9
AppellFl[ =, p, 1-p, =, e*?x*, —e??x*| + AppellF1[ =, 1+p, -p, —, e??x*, —ezaxﬂ)]
4 4 4 4

1 5
(SAppellFl[f, P, -p, =, €2?x*, —e??x*| +4e??pxt
4 4

Problem 176: Result more than twice size of optimal antiderivative.

JCoth[a +3Log[x]]Pdx

Optimal (type 6, 61leaves, 3 steps):

7

X (—1—ezaxs>p <1+ezaX6>7PAppellF1[§, p, -p, —, €22x5, —ezaxﬂ

Result (type 6, 171 leaves):
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1+e22x5\P 1 7 1 7
7x | —= 2 AppellF1[ =, p, -p, —, €*?x®, —e??x°] / [7AppellF1[f, Py P, —» €27x°, —e??x8] +
-1+e22x8 6 6 6 6
7 13 7 13
6e’?px°® |AppellFl|—, p, 1-p, —, e2?x®, -e?@x®] + AppellF1[—, 1+p, -p, —, e??x°, 22 x°| )
6 6 6 6

Problem 177: Result more than twice size of optimal antiderivative.

Jx3 Coth|[d (a+bLog[cx"]) ] dx

Optimal (type 5, 58 leaves, 4 steps):

x* 1, . 2
~— - = x*Hypergeometric2Fi[1, , 1+ s
4 2 bdn bdn

e22d (an>2bd}

Result (type 5, 198 leaves):

1
-— X
8+4bdn

L2+ 2 s e2d(a+bLog[cx"})] .
bdn bdn

4

2 e2d (asbLog[ex"]) yypaprgeometric2Fl (1, 1+

2
> 1+ D
bdn bdn

e +

(2+bdn) (Coth[d (a+blog[cx"])] -Coth|d (a-bnLog[x] +bLlog[cx"])] +Hypergeometric2F1|1, Zd(a*b“’g[cx"”}

Csch[d (a+blog[cx"])]| Csch|d (a-bnLog[x] +bLog[cx"])]Sinh[bdn Log[x]]

Problem 178: Result more than twice size of optimal antiderivative.

JXZ Coth|[d (a+bLog[cx"]) ] dx

Optimal (type 5, 62 leaves, 4 steps):
3

X 2 3
~— - = x? Hypergeometric2F1[1, 1+ e??9 (c x”)Zbd}
3 3

2bdn’ 2bdn’

Result (type 5, 207 leaves):

L e [3e2d(anioglex]) Hypergeometric2F1[1, 1+ > 2+ > , e2d(abroglext]]
9+6bdn 2bdn 2bdn
(3+2bdn) |Coth|d (a+blog[cx"])]|-Coth[d (a-bnLog[x] +blog[cx"])] +Hypergeometric2Fi|1, 1+ 3 e2d (a*bmg[”"])] +

2bdn’~ 2bdn’
Csch|d (a+bLog[c x”}” Csch|d (a-bnLog[x] +bLog[cx“])] Sinh[bdnLog[x]]
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Problem 179: Result more than twice size of optimal antiderivative.

Jx Coth|[d (a+bLog[cx"])] dx

Optimal (type 5, 54 leaves, 4 steps):

x2 . 1 1
— - X“ Hypergeometric2F1l [1,
2 bdn bdn

Result (type 5, 193 leaves):
ot
2+2bdn

2

X2 | @2d (a+bLog[cx"])

1
J2+ J
bdn bdn

Hypergeometric2F1[1, 1+ e2d (a+bLog[cx"]) ]

+

(1+bdn) (Coth[d (a+bLlog[cx"])] -Coth[d (a-bnLog[x] +bLog[cx"])] +Hypergeometric2Fi|1, i 1+ bclj s eZd(a*bL"g[”"”} +
n n
Csch[d (a+blog[cx"])]| Csch|d (a-bnLog[x] +bLog[cx"|)]Sinh[bdn Log[x]]
Problem 180: Result more than twice size of optimal antiderivative.
JCoth[d (a+bLog[cx"])] dx
Optimal (type 5, 52 leaves, 4 steps):
X - 2 x Hypergeometric2F1[1, , 1+ ! , e??d (¢ x“)“’d]
2bdn 2bdn
Result (type 5, 199 leaves):
) e??dx (c x")ZbdHypergeometr‘icZFl[l, 1+ ﬁ, 2+ 2b1dn’ e2d (’“bLOg[CX"])} 7
1+2bdn
x |Coth|d (a+blog[cx"]) ]| -Coth[d (a-bnLog[x] +blog[cx"])] +Hypergeometric2Fi|1, 1+ = eZd(a*bmg[cx"])] +

2bdn’~ 2bdn’
Csch|d (a+bLog[c x"”] Csch|d (a-bnLog[x] +bL0g[cx“])] Sinh[bdnLog[x]]

Problem 182: Result more than twice size of optimal antiderivative.

JCoth[d (a+bLoglcx"])] i
X

XZ

Optimal (type 5, 58 leaves, 4 steps):
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. 1 1 2ad 2bd
7l+ 2 Hypergeometric2F1|1, - g 1o g € (cxn)2®9]

X X

Result (type 5, 197 leaves):

1 Coth|d (a+blog[cx"])]| -Coth[d (a-bnLog[x] +blog[cx"])]-
X

2d (a+bLog|cx" : 1 1 2d (a+bLog|cx"
e2d | [<x']) Hypergeometric2F1[1, 1 2o e ( [ex]) ]

-1+2bdn

1 1 .
+ Hypergeometric2F1[1, - s 1- e2d (a+bLog[cx"]) |+

2bdn 2bdn’

Csch|d (a+blog[cx"])]| Csch|d (a-bnLog[x] +bLog[cx"])]Sinh[bdn Log[x]]

Problem 183: Result more than twice size of optimal antiderivative.

JCoth[d (a+bLoglcx"])]

X3

dx

Optimal (type 5, 55leaves, 4 steps):

i 1 1 2ad 2bd
1 ) Hypergeometric2Fi[1, oy 1o, el (cxn) 2]

2 x2 x2

Result (type 5, 191 leaves):

e2d (a+blog[cx"]) yyneprgeometric2F1 [1, 1- -1, 21 g2dfab L°€[CX"])]
bdn bdn

; Coth|[d (a+bLog[cx"])]| -Coth[d (a-bnLog[x] +bLog[cx"])] -
2X

+

-1+bdn

Can 1- b: s e2d<a*“°g[cx"]>] +Csch[d (a+blog[cx"])]| Csch|d (a-bnLog[x] +bLog[cx"])]Sinh[bdn Log[x]]
n n

Hypergeometric2F1[1, -

Problem 196: Attempted integration timed out after 120 seconds.

J(ex)mCoth[d (a+bLog[cx"]) ]3d1x

Optimal (type 5, 306 leaves, 6 steps):
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ad 4ad +
(1+m+bdn) (L+m+2bdn) (ex)¥™ (ex)™" (1+e23d (cxn)“’d)2 e 224 (ex)t ( (1:n-2bdn) , 7" (1m:2bdn

n n

) (an>2bd)

2b2d?e (1+m) n? 72bden(1_623d<cxn>2bd)2 2b2d2en(1_62ad(cxn)2bd)

2 2 A2 B2 1+m . 1+m 1+m 2ad n\2bd
(1+2m+m?+2b2d?n?) (ex)™Hypergeometric2F1|1, Sl e (cxn) 9]

b>d*e (1+m) n?
Result (type 1, 1leaves):

2P

Problem 197: Result more than twice size of optimal antiderivative.

JCoth[d (a+bLlog[cx"])]"ax

Optimal (type 6, 115leaves, 4 steps):

X [-1-e22 (cx")2°9)" (146229 (cx")?°%) " AppellF1] Py =Py 1+

bdn 2bdn
Result (type 6, 387 leaves):

1+ g22ad (cx”)z"d P

2ad

(1+2bdn> X

AppellF1| s Py -P, 1+

14224 (cxn)20d 2bdn "7 2bdn’

e2ad (an)zbd, _e2ad (an>2bd]J/

(2bde2adnp(cx”)ZbdAppellF1[1+ ﬁ, p,1-p, 2+ ! e22d (cx”)Zbd, —ezad<cx”)2bd]+

dn 2bdn’

2bde?2?np (cx")*°¢ AppellF1[1 + ,1+p, -p, 2+

dn 2bdn’

1 1
(1+2bdn) AppellF1| P, -p, 1+
2bdn 2bdn

e22d <cxn>2bd, _e2ad (an>2bd] .

s e22d (CXn)Zbd, _.2ad

e (cx”)Zbd}

Problem 198: Result more than twice size of optimal antiderivative.

J(ex)mCoth[d (a+bLog[cx"]) |Pax

Optimal (type 6, 135leaves, 4 steps):
1
e (1+m)

(e x)tm (—l—ezad (c x”)zbd)p (1+zezad (c x”)Zbd)prppellFl[ 1em , P, -p, 1+ Lem , e (c x“)“’d,
2bdn 2bdn

Result (type 6, 417 leaves):

s e22ad (an>2bd, _e2ad (an)zbd}

_g2ad (an)Zbd]
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1+e223d (cxn)2Pd P 1 1
(1+m+2bdn) x (ex)" (e x') AppellF1| M b, op, 14— , @229 (cxn)2Pd, _g22d (cxn)2bd] /
~1+e?2d (cxn)?Pe 2bdn 2bdn
1 1 2bd
((1+m) (1+m+2bdn) AppellF1| S, op, T2 e (cxm)20d, —e22d (cx")2°9] +
2bdn 2bdn
l1+m+2bdn l1+m+4bdn
2bde??dnp (CXn)Zbd AppellFl[¥, p,1-p, SrAr*PUR 2ad (an>2bd) _g2ad <an>2bd] )
2bdn 2bdn
l1+m+2bdn l1+m+4bdn
AppellFl[;, 1+p, -p, ;, e2ad (cx”)Zbd, _e2ad (an)zbd}))]
2bdn 2bdn
Problem 205: Result more than twice size of optimal antiderivative.
Coth[x]?>
dx
\/a+bCoth[x]2+cC0‘th[X]4
Optimal (type 3, 135leaves, 8 steps):
(b—2c) Ar‘cTanh[ b+2c Coth[x]? } Ar‘cTanh[ 2a+b+ (b+2c) Coth[x]?
2+/c +[asbCoth[x]?+c Coth[x]* 2+/arbic +/arbCoth(x]?+c Coth[x]* \/a+bC0th[X]2+CC0th[X]4
. _
42 2/a+b+c 2¢

Result (type 3, 42946 leaves) : Display of huge result suppressed!

Problem 206: Result more than twice size of optimal antiderivative.

Coth[x]3

dx

\/a+bCoth[x]2+cCoth[x]4

Optimal (type 3, 105leaves, 7 steps):

2 2
ArcTanh { b+2 c Coth[x] ] ArcTanh [ 2a+b+ (b+2 c) Coth[x]
Z\F\/a+bCoth[x]2+cCoth[x]“ 2+/a+b+c \/a+bCoth[x]z+c(Io‘ch[x]4
+
2+c 2+a+b+c

Result (type 3, 27092 leaves): Display of huge result suppressed!

Problem 207: Result more than twice size of optimal antiderivative.

Coth[x]

dx

\/a+bCoth[x]2+cCo‘ch[x]4
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Optimal (type 3, 58 leaves, 4 steps):

2
ArcTanh 2a+b+ (b+2 c) Coth[x]
2+/a+b+c \/a+b Coth[x]2%+c Coth[x]*

2+a+b+c
Result (type 3, 27092 leaves): Display of huge result suppressed!

Problem 208: Attempted integration timed out after 120 seconds.

Tanh [x]

dx

Ja+bCMM[M2+cCUm[M4

Optimal (type 3, 106 leaves, 8 steps):

APcTanh[ 2a+b Coth[x]? ] APcTanh[ 2a+b+ (b+2c) Coth[x]? ]
2+/a +/a+bcoth[x]2c Coth x)* 2/arbic ~/a+b Coth[x]2+c Coth[x]*
- +
2+va 2+v/a+b+c
Result (type 1, 1leaves):
???

Problem 209: Result more than twice size of optimal antiderivative.

Tanh[x]3

dx

\/a+bCoth[x]2+cCoth[x]4

Optimal (type 3, 183 leaves, 11 steps):

2 2
ArcTanh [ 2 a+b Coth[x] ] b ArcTanh [ 2 a+b Coth[x] ]
2\/?\/a+bCoth[x]2+c Coth[x]* 2\/?\/a+bCoth[x]2+cCoth[x]"
- + +
5 47
2
Ar‘CTanh[ 2a+b+ (b+2c) Coth[x]
2+/a+b+c \/a+bCo‘ch[x]2+cCoth[x]4 \/a +b Coth [x] 24 cCoth [X] 4 Tanh [X] 2
2+/a+b+c 2a

Result (type 3, 42369 leaves) : Display of huge result suppressed!
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Problem 210: Result more than twice size of optimal antiderivative.

JCoth [X] \/a +bCoth[x]2+cCoth[x]* dx

Optimal (type 3, 132leaves, 8 steps):

2
(b+2c) ArcTanh| b+2 ¢ Coth[x]
Z\EmeCoth[x]ZNCoth[x]“

1
- +—+Va+b+c Ar‘cTanh[
4+/c 2

2a+b+ (b+2c) Coth[x]?

2+a+b+c \/aerCoth[x]ZJrcCoth[x]4

1
]—f\/aerCo‘ch[x]2+cCoth[x}4
2

Result (type 3, 81208 leaves): Display of huge result suppressed!

Test results for the 53 problemsin "6.4.7 (d hyper)*m (a+b (c coth)*n)*p.m"

Problem 10: Result more than twice size of optimal antiderivative.

J 1-Coth[x]? dx

Optimal (type 3, 3leaves, 3 steps):
ArcSin[Coth[x]]

Result (type 3, 30leaves):

-Csch[x]? [—Log[Cosh[i]] + Log[Sinh[i] ]) Sinh[x]
2 2

Problem 12: Result more than twice size of optimal antiderivative.

J(l - Coth[x]2) %% dx

Optimal (type 3, 24 leaves, 4 steps):

1 1
= ArcSin[Coth[x]] + = Coth[x] A/ -Csch[x]?
2 2

Result (type 3, 51 leaves):

1 -Csch[x]? (Csch[£]2—4Log[Cosh[£H +4Log[Sinh[£H +Sech[§]2) Sinh[x]
8 2 2 2
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Problem 17: Result more than twice size of optimal antiderivative.
JCoth[x]zx/a+bCoth[x]2 dx

Optimal (type 3, 85leaves, 7 steps):

(a+2b) ArcTanh [ M]
2
- A/ a+b Coth[x] . m ArcTanh [ va+b Coth[x] 1

| - = coth[x] +/a+bCoth[x]?
2+/b a+bCoth[x]2 2

Result (type 3, 191 leaves):

V2 VJa+b (a+2b) ArcTanh | V2 /b Cosh[x] |+

\/(—a+b+ (a+b) Cosh[2x]) Csch[x]?
\/—a+b+ (a+b) Cosh[2x]

V2 vJa+b Cosh[x]
\/7a+b+ (a+b) Cosh[2x]

| +Va+b \/—a+b+ (a+b) Cosh[2x] Coth[x] Csch[x]

W{Zﬁ(a+b) Ar‘cTanh[

|

Sinh[x]

/(Z\E\/Fm\/—a+b+ (a+b) Cosh[2x]

Problem 18: Result more than twice size of optimal antiderivative.

JCoth [X] \/a+bCoth[x]? dx

Optimal (type 3, 44 leaves, 5steps):
+ b Coth 2
Va+b ArcTanh| 2 othix] | -~/ a+bCoth[x]?

\VJa+b
Result (type 3, 108 leaves):

. 2
Va+b ArcTanh | —2ac sinhbd | \/7a+b+ (a+b) Cosh[2x] Csch[x] - (F2bs(asbl Coshizx]) Lschix]
Jfa+b+(a+b) Cosh[2x] V2

\/(—a+b+ (a+b) Cosh[2x]) Csch[x]?
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Problem 19: Result more than twice size of optimal antiderivative.

J a+bCoth[x]? dx

Optimal (type 3, 60 leaves, 6 steps):

b Coth va+b Coth
-V/b ArcTanh| Vb Coth(x] | +Va+b ArcTanh| arb Cothix] ]
a+bCoth[x]? a+bCoth[x]?

Result (type 3, 137 leaves):
( Va+b Log[1l-Coth{x]]++/a+b Log[l+Coth[x]]-2+/b Log[bCoth[x] ++/b +/a+bCoth[x

Va+b Log|[a-bCoth[x] ++a+b ~/a+bCoth[x +Va+b Log[a+bCoth[x] +Va+b +/a+bCoth[x ]

2

Problem 20: Result more than twice size of optimal antiderivative.

J a+bCoth[x]? Tanh[x] dx

Optimal (type 3, 56 leaves, 7 steps):

\/a+bCoth[x a+bCoth[x]?
—\/?Ar'cTanh[ ’ X ] Va+b ArcTanh| ’ [X] ]

a a+b

Result (type 3, 134 leaves):

vV~ i \/ i - b+ +b) Cosh[2
V-a Ar‘cTan[ Va2 a_sinh(x] ]\/—a+b+ (a+b) Cosh | +\/—\/mAr‘c51nh[ a+b Sinh(x] ] \/ ar (a ) osh2x]
\/—a+b+(a+b) Cosh[2x] Vb b

Csch[x] / (\/(—a+b+ (a+b) Cosh[2x]) Csch[x]?

Problem 21: Result more than twice size of optimal antiderivative.

J a+bCoth[x]? Tanh[x]%dx

Optimal (type 3, 48 leaves, 5steps):
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Va+b ArcTanh| a+b Cothlx] | -+/a+bCoth[x]? Tanh[x]

a+bCoth[x]?

Result (type 3, 114 leaves):

2 Va+b Cosh[x]
\/—a+b+ (a+b) Cosh[2x]

\/(—a+b+ (a+b) Cosh[2x]) Csch[x]? |2+/a+b ArcTanh] | sinh[x] —\E\/—a+b+ (a+b) Cosh[2x] Tanh[x]

/

(2\/—a+b+ (a+b) Cosh[2x]

Problem 26: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J(a +b Coth[x]?) *2 Tanh[x] dx

Optimal (type 3, 71leaves, 8steps):

a+bCoth[x]? a+bCoth[x]?2
[x] }+(a+b)3/2Ar‘cTanh[ Lx]

\/? Va+b
Result (type 4, 1088 leaves):

-a%2 ArcTanh |

| -b+/a+bCothix]?

+

b -a+b+acCosh[2x] +bCosh[2Xx]
-1+ Cosh[2Xx]

1 . , , ~1+Cosh[2x] -~a+b+ (a+b) Cosh[2x] o . b
—|-||i(-3a%>+2ab+b?) (1+Cosh[x]) EllipticF[i ArcSinh| Tanh |
2 (1+Cosh[x})2 -1+ Cosh[2x] 2a+b+2m
2a+b+2, b 2a+b+2, b
Xy, 220 athd) | -2 Ellipticpi| L) , i ArcSinh | ° Tanh[ )],
2 2a+b-2.fa(a+b) b 2a+b+2.[a (a+b) 2

2a+b+2 a(a+b) X 2a+b+21/a(a+b) +bTanh[§}2 bTanh[f]2 /

] Tanh[f] 1+

2a+b-2./a(a+b) 2 2a+b+2./a(a+b) 2a+b-2./a(a+b)
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4aTanh[§]2+b (1+Tanh[§]2)2

b X .2 X452
\/7a+b+(a+b) Cosh[2x] [Tanh|=] [71+Tanh[—} ] 2 ’
2a+b+2./a(a+b) ? ’ [+ Tanh (57

1 ~a+b+ (a+b) Cosh[2x]

-1+ Cosh[2Xx]

3 (a®+2ab+b*) +/-1+Cosh[2x] J
\/7a+b+ (a+b) Cosh[2x]

. -1+ Cosh[2x] o , ) b X 2a+b+2 a(a+b)
- | |1 (1+Cosh[x]) — EllipticF i ArcSinh]| Tanh[~=]],
(1+Cosh[x]) 2a+b+2./a(a+b) 2 2a+b-2 a(a+b)
2a+b+2 a(a+b) b 2a+b+2 a<a+b>
EllipticPi| , 1 ArcSinh| Tanh[ 11,
b 2a+b+2 a<a+b) 2a+b-2 a<a+b>
" 2a+b+2./a(a+b) erTanh[L]2 bTanh[i}
Tanh| —| 2 1+ 2 /
2 2a+b+2 a(a+b) 2a+b-2 a(a+b)

b X 2 X2 4aTanh[§}2+b(1+Tanh[ﬂ2)2
\ -1+ Cosh[2x] Tanh[f} (—1+Tanh[f] ) " +
2a+b+2./a(a+b) 2 2 (—1+Tanh[ﬂ2)

-1+
Ar‘cTanh[ +a ./ -1+Cosh[2x]

~1+Cosh[2x]) +b (1+Cosh[2 1
a.[2b+a(-1+Cosh[2x]) +b (-1+Cosh[2x]) |- 3 (ieCoshi2x]) b (eCoshizx)) —

\E a+b

Log[a+/-1+Cosh[2x] +b~/-1+Cosh[2x] +Va+b \/a (-1+Cosh[2x]) +b (1+Cosh[2x]) |
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Sinh[x]2Sinh[2 x] Tanh[x] / (3 (—1+Cosh[2x})2\/—a+b+ (a+b) Cosh[2x]

Problem 27: Result more than twice size of optimal antiderivative.

J(a +bCoth[x]2)%? Tanh[x]2 dx

Optimal (type 3, 77 leaves, 7 steps):
~b%2 ArcTanh | Vb Coth [x] | + (a+b)>?ArcTanh| a+b Cothix] | ~a~/a+bCoth[x]? Tanh[x]

a+bCoth[x]? a+bCoth[x]?

Result (type 3, 180 leaves):

-V2 b*2+/a+b ArcTanh| V2 Vb Cosh[x] | Cosh[x] +v/2 (a+b)2Ar‘cTanh[ V2 Va+b Cosh[x] | cosh(x] -
\/—a+b+(a+b)Cosh[2x] \/—a+b+(a+b>Cosh[2x]

ava+b \/—a+b+ (a+b) Cosh[2x] \/<—a+b+ (a+b) Cosh[2x]) Csch[x]? Tanh[x] /(\/Tx/a+b \/—a+b+ (a+b) Cosh[2x] )

Problem 30: Result more than twice size of optimal antiderivative.

J(1+Coth[x12>3/2 dx

Optimal (type 3, 50leaves, 6 steps):

2ot ) T i kg 1 coth x)2

5
- —ArcSinh[Coth[x]] +2+/2 ArcTanh [
2

2 1+ Coth[x]?

Result (type 3, 116leaves):

1 (1+Coth[x]?)*?sech[2x]? 16Ar‘cTanh[&] \/Cosh[2x] Sinh[x]3+
3 v/ Cosh[2x]
Cosh[x]

4 |ArcTan| | V/-Cosh[2x] -4+/2 v/Cosh[2x] Log[+/2 Cosh[x] ++/Cosh[2x] |

Sinh[x]3 +Sinh[4 x]

v/ -Cosh[2Xx]
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Problem 32: Result more than twice size of optimal antiderivative.
J Coth[x]?
dx
a+bCoth[x]?
Optimal (type 3, 47 leaves, 5steps):
ArcTanh [ A/ a+bCothixj2 ]

=6 a+bCoth[x]?
Vva+b b
Result (type 3, 98 leaves):
2Ar‘cTanh[ 2 vasb Sinhox. Sinh[x]
1 2 ~a+b+ (a+b) Cosh[2x]
—\/(—a+b+<a+b>Cosh[2x])Csch[x}2 - + -atbe (o1b) coshizx
2

b Vva+b \/—a+b+(a+b)Cosh[2x]
Problem 33: Result more than twice size of optimal antiderivative.
2
J Coth[x] n
a+bCoth[x]?
Optimal (type 3, 60leaves, 6 steps):
Ar‘cTanh[JLu—b Cothixl ] Ar‘cTanh[—*LM coth

~/ a+b Coth[x]? a+b Coth[x]?
- +
\/F VJa+b
Result (type 3, 134 leaves):
-va+b ArcTanh| V2 /b Cosh(x] | +Vb ArcTanh| /2 Varb Coshix] ] \/ (-a+b+ (a+b) Cosh[2x]) Csch[x]? Sinh[x] /
\/—a+b+(a+b)Cosh[2x1 \/—a+b+(a+b)Cosh[2x]

(\/F\/a+b \/7a+b+ (a+b) Cosh[2x]

Problem 34: Result more than twice size of optimal antiderivative.

J Coth[x]
dx
a+bCoth[x]?
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Optimal (type 3, 29leaves, 4 steps):
ArcTanh [3{a+bCoth x]?2 ]

a+b

\Va+b
Result (type 3, 82leaves):

ArcTanh [ 22 Sinhixl 1 [ 3. b+ (a+b) Cosh[2x] Csch[x]
-a+b+ (a+b) Cosh[2x]

va+b \/(—a+b+ (a+b) Cosh[2x]) Csch[x]?

Problem 35: Result more than twice size of optimal antiderivative.

1
J dx
a+bCoth[x]?

Optimal (type 3, 31leaves, 3 steps):
Ar‘cTanh[ W a+b Coth[x

a+b Coth[x]?

\Va+b
Result (type 3, 83 leaves):

~Log[1-Coth[x]] +Log[1+Coth[x]] - Log[a-bCoth[x] ++/a+b +/a+bCoth[x]? | +Log[a+bCoth[x] ++a+b ~/a+bCoth([x]? })

2+a+b

Problem 36: Result more than twice size of optimal antiderivative.
J Tanh[Xx] dx
a+bCoth[x]?

Optimal (type 3, 56 leaves, 7 steps):

2 2
ArcTanh [ E”b;‘fhm ] ArcTanh [ ab COt:[X] ]
a a+

- +

\E Vva+b
Result (type 3, 127 leaves):
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\/?w a Sinh[x] } Ar‘cTanh{ \/? a+b Sinh[x]

a+b+ (a+b) Cosh[2x] \/ —a+b+ (a+b) Cosh[2 x|
- -a+b+ (a+b) Cosh[2x] Csch[x
= 26 N (a+b) Cosh[2x] [X]

ArcTan {

\/ (-a+b+ (a+b) Cosh[2x]) Csch[x]?
Problem 37: Result more than twice size of optimal antiderivative.
2
J\ Tanh [x] dx
a+bCoth[x]?

Optimal (type 3, 51leaves, 5steps):

ArcTanh a+b Coth[x]

+/ a+b Coth[x]2 \/a+bCoth[x]2 Tanh [x]

Va+b a
Result (type 3, 126 leaves):
V2 aArcTanh| V2 yJa b Coshix] | coshix] -va+b \/—a+b+<a+b) Cosh[2x] \/(—a+b+<a+b> Cosh[2x]) Csch[x]? Tanh[x] /
\/—a+b+ (a+b) Cosh[2x]

(\/Ta\/a+b \/—a+b+ (a+b) Cosh[2x]

Problem 39: Result more than twice size of optimal antiderivative.

J Coth[x]? dx
(a+bCoth [x]2)3/2

Optimal (type 3, 53 leaves, 4 steps):

_\L[_L
Arc anh[ a+b Coth[x ]
a+b Coth[x]? Coth[x]

(a+b)*? (a+b)+/a+bCoth[x]?

Result (type 3, 135leaves):
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V2 Va+b Cosh[x]

\/—a+b+ (a+b) Cosh[2x]

-2+/a+b Cosh[x] \/—a+b+ (a+b) Cosh[2x] ++/2 ArcTanh|

] (—a+b+ (a+b) COSh[ZX])

\/(—a+b+ (a+b) Cosh[2x]) Csch[x]? Sinh[x] /(\/7 (a+b)*? (-a+b+ (a+b) Cosh[2x1>3/z)

Problem 51: Unable to integrate problem.

JCoth [x] \/a+bCoth[x]* dx

Optimal (type 3, 89leaves, 8 steps):

1 b Coth[x]? 1 a+bCoth[x]? 1
- =+/b ArcTanh| Vb [x] | + =+a+b ArcTanh| - [X] | - =+a+bCoth[x]*
2 a+bCoth[x]* 2 Va+b +/a+bCoth[x]* 2

Result (type 8, 17 leaves):

JCO‘th[X] a+bCoth[x]* dx
Problem 52: Unable to integrate problem.

J Coth[x]
dx
a+bCoth[x]*

Optimal (type 3, 40leaves, 4 steps):

2
ArcTanh [ a+b Coth[x]

+/a+b ~/a+bCoth[x]*
2+a+b

Result (type 8, 17 leaves):

J Coth[x]
dx
a+bCoth[x]*
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Problem 53: Result more than twice size of optimal antiderivative.

J Coth[x] dx
(a+bCoth[x]4)*?

Optimal (type 3, 74 leaves, 6 steps):

ArcTanh [ a+b Coth[x]2
\a+b +/a+bCoth[x]* a-bCoth[x]?
3/2
2 (a+b) 2a (a+b)+/a+bCothx]*

Result (type 3, 31578 leaves): Display of huge result suppressed!
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Summary of Integration Test Results

338 integration problems

A - 255 optimal antiderivatives

B - 44 more than twice size of optimal antiderivatives
C - 28 unnecessarily complex antiderivatives

D - 5 unable to integrate problems

E - 6 integration timeouts



